We construct instanton solutions on noncommutative Euclidean 4-space which are deformations of instanton solutions on commutative Euclidean 4-space. We show that the instanton numbers of these noncommutative instanton solutions coincide with the commutative solutions and conjecture that the instanton number in R 4 is preserved for general noncommutative deformations. We also study noncommutative deformation of instanton solutions on a T 4 with twisted boundary conditions.
Introduction
Gauge theory originated in physics as a convenient framework for electromagnetic fields and their generalizations to e.g. the Yang-Mills theories. In mathematics, gauge theory has been highly developed to study the topology of 4-manifolds, with Donaldson's construction of a new obstruction to the smoothability of 4-manifolds, which produced a series of examples of exotic differentiable structures. For these problems, it is important to study the moduli spaces of anti-self dual connections or instantons. These moduli spaces have an algebro-geometric interpretation. In particular, anti-selfdual connections are classified by their instanton numbers.
Many authors have worked on extending gauge theory to noncommutative geometry. Several authors have treated the ADHM construction on noncommutative Euclidean 4-manifolds 1 and have shown that the instanton number is given by an integer which does not depend on the noncommutative parameter [4, 5, 6, 7, 8] . We note that the relation between these noncommutative instantons and deformed solutions from the commutative ADHM construction [12] is unknown. 2 In the paper [9] , we constructed a noncommutative vortex solution which is a deformation of Taubes's vortex solution and showed that its vortex number is undeformed, i. e. independent of the deformation parameter. It is therefore natural to construct a deformed instanton solution via the ADHM construction from the commutative one and to see if the corresponding instanton number is deformed.
In this paper, we construct a noncommutative formal instanton solution which is a deformation of the commutative instanton solution. Our construction starts with a commutative instanton solution, which is determined by its ADHM data, and then solves the infinite systems of elliptic PDE equations with decay conditions term by term in the noncommutative parameter . We study the (noncommutative) instanton number for this noncommutative instanton solution and show that it is independent of (Theorem 5.1). This result supports our conjecture on the independence of the noncommutative instanton number for noncommutative R 4 . We also study noncommutative deformations of instantons and their corresponding instanton numbers on T 4 with a twisted bundle.
Notations
Noncommutative Euclidean 4-space is given by the following commutation relations:
where (θ µν ) is a real, x-independent, skew-symmetric matrix, called the noncommutative parameters. ⋆ is known as the Moyal product [10] . The Moyal product (or star product) is defined on functions by
1 Noncommutative instanton solutions were constructed with the ADHM method in [1] . After that, many authors have constructed noncommutative instantons in the similar way. See for example [2] and their bibliography.
2 There are few noncommutative instanton solutions whose commutative limits are clarified, and they are constructed without using the ADHM method [3] .
Here ← − ∂ µ and − → ∂ ν are partial derivatives with respect to x µ for f (x) and to x ν for g(x), respectively.
We define a Lie algebra by
where the generators T a are given by Hermitian matices. We consider a compact simply connected Lie group with this Lie algebra. The covariant derivative is defined by
3)
The curvature two form F is defined by
where ∧⋆ is defined by
To consider smooth noncommutative deformations, we introduce a parameter and a fixed constant θ
We define the commutative limit by letting → 0.
Noncommutative Instantons
Instanton solutions or anti-selfdual connections satisfy the (noncommutative) instanton equation
where * is the Hodge star operator. Formally we expand the connection as
Then,
We introduce the selfdual projection operator P by
Then the instanton equation is
In the noncommutative case, the l-th order equation of (3.5) is given by
Note that the 0-th order equation is the commutative instanton equation with solution A 
where g ∈ G and G is a gauge group. We introduce covariant derivatives associated to the commutative instanton connection by
Using this, (3.6) is given by
In the following, we fix a commutative anti-selfdual connection A (0) . We impose the following condition for
where
We expand B in as we did with A. Then
. In this gauge, (3.9) is given by
Using the fact that the A (0) is an anti-selfdual connection, (3.12) simplifies to
Green's Functions
In this section, we derive some properties of the Green's function of D 2 (0) in preparation for Theorem 5.1. To apply results from the ADHM construction, we restrict ourselves to U (n) gauge theory.
We consider the Green's function for D 2 (0) :
ρ , and this A (0) is an instanton in commutative R 4 . Instantons in commutative R 4 are given by the ADHM construction [12] , and arbitrary commutative instantons are in one-to-one correspondence with ADHM data. G 0 (x, y) has been constructed in [13] (see also [14, 15] ):
Here M and v 1 , v 2 are determined by the ADHM data and v i is a bounded function. Using this Green's function, we solve the equation (3.13) as
and the noncommutative instanton A = A (l) is given by
The key fact used in the following proposition is that the asymptotic behavior of Green's function of D 2 (0) is given by
We now list some features of Green's functions like G 0 . where C is some constant. We define F (x) by
Lemma (3.3.35) in [16] contains a more general formula but with a rougher estimate, so we give a proof of this proposition.
[Proof] We introduce two balls whose radii are 1 2 |x| with centers at the origin and x in R 4 . Let B 0 and B 1 denote these balls respectively, and let C be their complement. Then
The first term is estimated as follows.
The second term is estimated as follows. where y = x + rω, r ∈ R ≥0 , |ω| = 1 and we use the fact that |y| ≥ ||x| − r| ≥ |x| − r.
To estimate the last term in (4.7) we introduce D 1 and D 2 by
|x|, |y − x| ≥ |y|} (4.10)
We introduce the notation O ′ (|x| −m ) as in [16] . If s is a function of R 4 which is O(|x| −m ) as |x| → ∞ and |D k (0) s| = O(|x| −m−k ), then we denote this natural growth condition by s ∈ O ′ (|x| −m ).
Examining the proof of Proposition 4.1, and keeping track of estimates for higher derivatives, we have the following (see Lemma 3.3.36 in [16] ).
We apply these propositions to our case.
[Proof] It follows easily from the construction of G 0 [13] and the choice of ADHM data that our Green's function can be written as
In our case, C 
. Repeating the argument l times, we get
Instanton Number
The first Pontrjagin number is defined by
We rewrite (5.1) as
trP ⋆ is 0 in the commutative limit, but does not vanish in noncommutative space. The cyclic symmetry of trace is broken by the noncommutative deformation.
The trace of the first three terms in (5.3) equals
The trace of the last term in (5.3) is
We discuss a more general case in the following. Let P and Q be an n-form and a (4 − n)-form (n = 0, . . . , 4), respectively, and let P ∧ Q be O( k ). Consider
Note that (5.4) and (5.5) are sums of the form (5.6). The lowest order term in vanishes because of the cyclic symmetry of the trace, i.e. tr(P ∧Q−(−1) n(4−n) Q∧ P ) = 0. The term of order is given by
where * θ = ǫ µνρτ θ ρτ dx µ ∧ dx ν /4 . These integrals are zero if P µ 1 ...µn dQ µ n+1 ...µ 4 is O ′ (|x| −(4−1+ǫ) ) (ǫ > 0). Similarly, higher order terms in in (5.6) can be written as total divergences and hence vanish under the decay hypothesis. This fact and (4.13) imply that trP ⋆ = 0. From the above discussion and (4.13), 8) where F (0) is the curvature two form of A (0) . Thus the instanton number is not deformed under noncommutative deformation.
Summarizing the above discussions, we get following theorems. 
Instanton Numbers on Noncommutative Torus
In the proofs in the previous sections, the key point is that the volume of the space is infinite. Therefore it is natural to expect that instanton number depends on the noncommutative parameter for noncommutative deformations of a finite volume space. To study this phenomena, in this section we consider noncommutative deformation of instantons on T 4 .
We first consider instantons with twisted boundary condition on a commutative T 4 (see [17, 18, 19, 20] ). The twisted boundary conditions for covariant derivatives D µ (x) are given by
For the simplicity, we chose Ω ν (x) by
for unitary matrices U i , V i satisfying
These Ω µ satisfy the consistency conditions,
In [17] , a k 2 instanton solution with these twisted boundary conditions for U (N 2 ) gauge theory is given by
where 1 N is the identity matrix of degree N . These covariant derivatives are valid operators under the consistency conditions. For this connection, with all other commutators zero. After this noncommutative deformation, 
